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Summary

A solution has been found for stresses in a structural
~omposite that models the superconducting magnets in the Energy
Doubler and the High-Energy Beam Line. The composite consists
of three nested hollow cylinders with the innermost cylinder
representing the region of the bore tube, the middle cylinder
the regicn of the superconductor, and the outermost cylinder the
region of the collars. Under zero stress the distribution of
current is chosen to give a pure dipole field. Subsequent effects
of pre-stress, cooldown, and excitation on the state of stress
are determined. The corresponding strains and effects of conductor
movement on field quality are determined. FEach region is character-
ized bv two elastic constants, one thermal constant, and one pre-

tension constant. Numerical resulfs are given.

Introduction

A solution to a similar problem has been given previouslyl in
which the magnetic field was generated by two sheet currents
varying as cosine theta. One sheet current was located at the
boundary between the innermost cylinder and the middle cylinder
of structural material. The other sheet was located at the boundary

between the middle cylinder and the outermost cylinder of structural
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material. The present note addresses the problem of improving
the representation ¢f the magnet excitation by replacing the
two current sheets with a thick cosine theta current distribution
in the middle structural region.

Equation for Elastic Displacement

If U is the displacemef vector and the body forces are

derived from the Lorentz force then2
- 1-v L=y o Rltv T 2
VXqu—ET:§3V(V u) = Q—E—JXB .

-
where E is Young's modules, v is Poisson's ratio, J is the cur-

rent density and B is the magnetic induction.

Generalized Plane Strain Approximation

For simplicify consider only the case for which u, = €,.% with

€0 = constant. The remaining c¢omponents are to be considered
functions of (r, 6) only. This is consistent with an excitation
in which JZ is the only component of current density. Hence

Eq. (1) becomes

where

Calculation of Magnetic Quantities of Interest

By definition a thick cosine theta conductor carries an axial
current between tworadii (b, ¢) with a current density that varies

as
Jd = J cos8.
o}

(1)

(2)

(3)

(&)

(5)
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From this it f’ollows3 that

(r<b) Br = ~2nJo(l—b)sin8, (emu) (6)
Be = -ZHJO(A—b)cose, (emu) (7)
(b<r<c) Br = ggﬁJo[Er—3k+b3r-2]sin8 (8)
By = ggﬁJo[ﬂr-Bk—b3r_2]cosa (9)
(c<r<rs) B, = —%;Jb(c3-b3)(rs_2+r“2}sine, (10)
By = —%;Jo(c3ab3)(rS"E—r_2)cose, (11)

where for convenlence in these and subsequent formulas
A= c+%(c3—b3)rs_2, (12)

the radius of the iron shield belng r,. Herice in the region of

the conductor

JZB8 = %Jbe[ﬂr—Shrb3r_2](1+cos29), {emu) (13)

e %Jbg[ar—3A+b3ragjsin28- {emu) (14)

It is of interest to find expressions for the magnetic energy
per unit length of the dipole and for the Maxwell stress tensor
gsince this enters the virial theorem. The magnetic energy is given

by
1 2 2
Wy = 18?ff(Br B, Yrdrds (15)

or utilizing Eqs. (6-11) cone has

Wy = %wzJoz[A(c3-b3)-%(c”-b”)—b3(c-b)2| : (16)

The maximum current denslty JO may be found in ferms of the central

field from Eq. (7)
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B, = —2ﬂJO(A—b). (17)

A c¢cylindrical coordinate representation of the Maxwell stress

tensor 1s

2 1.2
. Br -EB BPBB BrBz
= 1 2 1.2
T = g rBB B9 -'ZB BGBZ (18)
2 1.2
BB, BBBZ B, -3zB
In utilizing this tenscr in the virial theorem the only quantity
needed 1s the projecticn of the outward radial traction on the
radius vector. This becomes
Fered o= ge (8 %-B, )0 (19)
Form of Sclution
Equations (13) and (14) indicate that the form of the dis-
placement should be taken as
u, = Po(r)+P2(r)cos26 ug = Qz(r)sinEG. (20)
Substituting into Egs. (2-3} gives
d|1l d _ 3.2
Bdr[?ch°(rP )]-—-u[ur—3k—b r ]. (21)
Y g [%
e Bdr[rdr( P )] Sy (78 - 2855+
—u[ur—SA—bBr_EJ R (22)

P
d 2 28 d 4B _
_2dr T +r2d (PP )= dr[r dr( rQ ):] 2Q2"

u[?r—3k+b3r_2] , (23)



where for convenience

I AV || 2
e

Solutions of the Homogeneous

Equation

In general these solutions are of the

- - P
o +Br P2 Cr

where p 1s found by substituting into Egs.

[4-B(p®-1)Jc+2[p+1-g(p-1)1D

2[-p+1+B(p+1)]C-[p°-1-4gID =

The determinant of the coefficients is

A(p) = B(p°-1)(p°~-9) .

Setting this equal to zero gives p = *1,

solutions which must be added together to give

1 2-8

- 3
o = ~Dyr-BD,r -y

d
]

~Lin 34D, 73,

9 2% 3 i

1]

D1P+D

Thus the homogeneous solutions are seen to be identical in form
with those found previously1 after it is recognized that (ur

%Grlnr, u, = Grd) the solution describing pretension may also be

3]
added.

Particular Solution

Since each term of the RHS of Eg. (21) is of the form Br2, one

may take for P0 in Eq. (20): P_ = ArY. Then p

Q

Adding the contributions for g

= P
Q2 Dr

(22-23) to obtain

Hence there are four

D3r +Dur—

q+2 and

H
'_I
W
&
-
i
PO
o
|t
]
4]
1]

FN-304

(24)

(25)

(26)

(27)

{28)

(29)

(30)

(31)
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P = %[%rz—lr2+b3].

P C
For the remainder cf the solution one may take Q2 = (D) rp
E 2
corresponding to r? as a term on the RES of FEgs. (22-23),

F
Substituting into Eqs. (22-23) gives

2 _
( L-g(p~~1) 2[p+1-B(p=-1)1}/C -2 _ E a
2[=p+1+B{(p+1)] —p2+1+MB D F

FN-304
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Equation (28) gilves the determinant of the coefficients. Hence,

the inversion of Eg. (33) gives p = g+2 and

C N [ —poH1+bg ~2[p+1-B(p-1) 1\ [E
D ) A:p: (—2[—p+l+8(p+1)] H—B(pg—l) o

Note that the g-values of interest are q =1, 0, -2 or p = 3, 2, O.

Equation (34) can provide solutions only for p = 2, 0 since p
gives A{3) = 0. In this case one considers
P2 = (A+Blnr)r3 Q2 = (C+D1nr)r3.

=3

Substituting these forms into Egs. (22-23) for the g = 1 component

of the RHS ylelds

[(4-8BR)A+(8-U4B)C-6BB+2(1-B)D]r
+[(4-88)B+(8-4B)D]rinr = -lur,
~[(4-8R)A+(8-4B)C+2(1-R)B+6D]Ir
-[(4-8R)B+(8-48)D]Irlnr = 2ur.

To eliminate the rlnr term in both Eq. (36) and (37) choose
(1-28)B+(2-8)D = 0.

Equations (36-37) then become

(32)

(33)

(34)

(35)

(36)

(37)

(38)
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(4-BB)A+(8-4B)C-6RB+2(1-R)D = -lLy,
(4L-88)A+(B-U4B)C+2(1-B)B+6D = -2u.
Subtracting Eq. (39) from Eq. (4C) gives
(1+28)B+(2+B)D = .
Solving Egs. (38) and (41) simultanecusly

1 2-8 -
B=% P=-z = W

Equation (39) or (40) now becomes

2
_ 1 1-98-8
(1-2B)A+(2-B)C = fp ===

u,

Since (A, C) are coefficients of r3

terms and already included
in the homogeneous solution one may choose one relation between
4 and C arbitrarily. Let C = -2A in order to remove the B-terms

from the LHS of Eq. (43). Then

2 2
_ _11-98-8 _ 11-98-8
As3g—p v C 1T W

Displacement

The particular sgolution may be thought of as an incremental

displacement to be added to the homogeneous terms. Thus assembling

all the parts from Eg. (31) to Eg. (44) one has

- Hj1l.3 2,13 1 31 2
Aur = E{gr -Ar“+b +[—§(l—28)b —§(3+2B)lf

*%@(1—95-82)r3+%(2—B)r31nr300328},
- W)l 3,1 2
Au, = ‘B'g\‘g(sg“s)b +§(2+3B)}\l”

+%g(l~9B*82)r3~%(1—26)r31nr}sin26.

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)
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Strain
The incremental strain to be added to the homogeneous solution

is found frcm Eqs. (45-4€) using Egs. (61-63) of Ref. (1).

he = -E-{%—rg-m\r+[—%(3+28))\r’

+%§(3+7s+32)r2+%(2—8)r21nr]00528} , (47)
VI 3.-1,-1.3. -1,1

Aeee = B—i-é—r' -Ar+h-r +[§'b r +§(1+L‘B))\P
+-1-J-'§(1—98—-82)r2+%-8r21nr]00529} , (48)

de g = %{-%Bb3r_1+i%(8+76)}m
—558(7+B)r2—%(1—8)r21nr}sin28. (49)

Stress

The incremental stress to be added to the homogeneous solution
is found from Eqs. (47-49} using Egs. (48-50) of Ref. (1). After

Inverting one first has

_E (1 1 (50)
AO L,y = 1+v[§BAErr_§(2_B)AEGGJ’
_ E 1 1
AO@B - TIU[_§(2_B)AEPP+§BAEGBJ’ (51)
_E
Acre ~ I¥v fre- (52)

Then using Eqs. (47-49) for the incremental strain one finds

2m

rg = 2T Jog{—%-( l—28)r2+%( 2-38) )\r—%( 2-8)p3pt

rr 38

oy

+ [- ( 2-B)b3r_l—%(2+136))\r

_53(1—113)r2]00529}, (53)
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poy, = Q%Jozif%<3-2s)r +3(4-38) Ar+3803r
[6b3 +5-(U+B) Az
_f§(3+53+252)r2-(1-8)rglnr]cosze}, (54)
po_, = %%JOZ{-%Bb3 LA (8+78)r
B(7+B)r —g(l Bir 1nr}81n28 (55)

Boundary Conditions

Since the form of the solution of the homogeneous equation is
identical with that of Ref. (1) one may utilize Egs. (55-65) of
that reference, To these equations add the particular solutions
found here fto give the correct expressions for displacement,
strain and stress. Apart from the special condition related to
pretension and discussed in Ref. (1) the boundary conditions are

as follows:

At r=a, the innermost radius oéi) ;;> = 0

At T=b ciz)—cég) . oée) ée) =0 (57)
W) L) L (58)

At r=c o\t ol = ol 0l = 0 (59)
W) L (63)

At r=d, the outermost radius ol=) = (=) 2 g, (61)
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Use of the Virial Theorem

As discussed in Ref. (1) the virial theorem is used to obtain
encugh conditions to permit the longitudinal strain to be de-
termined. From Eg. (95) in Ref. (1) the virial theorem may be

written as

ff(orr+oee+ozz)rdrde = J;E;;'nrde+wB’ (62)

where the double integral 1s throughout The cross section of the
material under stress. The single integral 1s over the cylinder
at r = r. and WB is the magnetic energy per unit length contained

r.. From Egs. (16) and (19)

within the regicn bounded by r

S
one has
ff(orr+oee+ozz)rdrde = %TT2J02 {— %(cu—bu)
+[c+(c3—b3)rs_2](03—b3)—b3(c—b)} . (dynes) (63)

Since the stress components are the sum of the homogeneous and
particular soluticns and since the present homogeneous solutions
are identical in form with those of Ref. (1), the LHS of Eqg. (102)
in Ref. (1) must be enhanced by j]kl+v)(ﬁorr+Aoee)rdrde. In
addition the current dependent terms on the RHS of Eg. (102) in
Ref. (1) must be replaced with the RHS of Eq. (63). Using

Egs. (53-54) one finds

2 2.21-8
j]kl+v)(ﬂorr+Aoee)rdrde = 37 Jo mgm(l+v)

[=(c'oMy+oa(e3 b3y —2b3(c-b)] . (64)
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Numerical Results

The stresses and strains that exist in three nested hollow
cylinders have been calculated as a function of the central
magnetic field. This has been done by utilizing the basic book-
keeping for the homogeneous part of the scluticn from a previousl
calculation. The iImprovement here consists of replacing the sheet
current excitation of the previous problem with a thick cosine
theta excitation in the region of the middle cylinder. 4s before
twenty algebralc relations stemming from the boundary conditions
in Egs. (56-61), the pretension condition, and the virial theorem
have been utilized to determine twenty coefficients. Thus the
stress, strain, and displacement of any point in the dipole model
structure may be found. For simplicity in the presentation of
numerical results, however, only the values of r = a, r = b,

r =c¢and r = d are given for a few angles. It is usually clear
whether a quantity is stress cor strain. Otherwise, R is radial,

T is theta or azimuthal, Z is axlal or longitudinal. To indicate
the side of a point, P is used for positive and M for negative.
Thus, for example, RTBP indicates the (r,0) component at the
positive side of the point r = b, The quantity /?jg whieh is to
be compared with the yield stress is tension is explained in Ref. (1).
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